Abstract. The "algebraic closure" of a subset K ⊆ A of a ring is an algebraic analogue of topological closure.
Suppose A is a ring, or additive category, with identity 1 and invertible group A −1 . Then we make the following For example if A is a Banach algebra, then the norm closure is a subset of the algebraic closure: using the geometric series [10] (1.3) z a − a w < 1 =⇒ 1 − z(a − a )w ∈ A −1 .
The reverse inclusion is not clear: for example
the algebraic closure of a singleton is the coset modulo the Jacobson radical. The algebraic closure has almost all of the properties of topological closure, and is compatible with the algebraic operations:
and inclusion (necessarily equality)
There is also inclusion
Proof. (2.1) and (2.2) are clear; towards (2.3), if x ∈ cl alg cl alg (K), then for arbitrary z, w ∈ A there is x ∈ cl alg (K) for which 1−z(x−x )w = c ∈ A −1 , and then
Towards (2.4) and (2.5), if x ∈ cl alg (K) and y ∈ cl alg (H) and if z, w ∈ A, then,
One of the Kuratowski closure axioms however seems to fail:
is liable to fail.
Proof. In the ring
The algebraic closure of the invertibles participates in a curious minuet with the left and the right invertibles: Theorem 4. There is equality
and inclusion
Necessary and sufficient for
Proof. Towards (4.1) we prove more, and claim
Towards the first equality suppose a ∈ A for which 
in the presence of (4.4) this is (4.
3)
The analogue of (4.1) for the topological closure is familiar in Banach algebras [8] , [10] . From (4.1) it follows that everything in the algebraic closure of the invertibles is "consistent in regularity" [6] , [7] :
The last part of Theorem 4 generalizes to radical elements and to idempotents:
then the condition (4.3) is necessary and sufficient for
−1 and hence
which is included in A −1 by (5.1). In the presence of (4.3) this applies to arbitrary
The algebraic closure intervenes in generalized inverse theory:
Lemma 6. With
there is inclusion
Necessary and sufficient for equality in (6.2) is that
Proof. If a = aa a ∈Â, so that a a = p = p 2 is idempotent, and if
For equality in (6.2), observe [9] , [10] 
In Banach algebras (6.3) is clear [9] , [10] : generally
where σ(a) = {λ ∈ C : a − λ ∈ A −1 } is the usual spectrum. We can extend the algebraic closure to tuples: We remark that the condition (8.2) says that the element a ∈ A is in another kind [1] , [2] of "closure" of the semigroup A
−1
right : for the moment we find the precise relationship between this condition and ours elusive.
